Copulas are a tool for constructing multivariate distributions and formalizing the dependence structure between random variables. From copula literature review, there are a few asymmetric copulas available so far while data collected from the real world often exhibit asymmetric nature. This necessitates developing asymmetric copulas. In this study, we discuss a method to construct a new class of bivariate asymmetric copulas based on products of symmetric (sometimes asymmetric) copulas with powered arguments in order to determine if the proposed construction can offer an added value for modeling asymmetric bivariate data. With these newly constructed copulas, we investigate dependence properties and measure of association between random variables. In addition, the test of symmetry of data and the estimation of hyper-parameters by the maximum likelihood method are discussed. With two real example such as car rental data and economic indicators data, we perform the goodness-of-fit test of our proposed asymmetric copulas. For these data, some of the proposed models turned out to be successful whereas the existing copulas were mostly unsuccessful. The method of presented here can be useful in fields such as finance, climate and social science.
Introduction
Copulas offer a useful tool in modeling the dependence among random variables. For example, Busababodhin and Amphanthong (2016) applied copula in the multivariate statistical process control and Kim (2014) used copula-GARCH for the modeling of dependence structure of Korea financial markets. In the literature, most of the existing copulas, however, are symmetric while data collected from the real world may exhibit asymmetric nature. This necessitates developing asymmetric copulas. Many researchers proposed some methods to construct asymmetric copulas; Rodríguez-Lallena and Ubeda-Flores (2004) introduced a class of bivariate copulas that generalizes some known families. Kim et al. (2011) and Mesiar and Najjari (2014) extended the method of Rodríguez-Lallena and Ubeda-Flores (2004) to construct new families of symmetric and asymmetric copulas. Alfonsi and Brigo (2005) described a new construction method for asymmetric copulas based on periodic functions. Liebscher (2008) introduced two methods to construct asymmetric multivariate copulas, which is close to what Khoudraji (1995) proposed earlier (Quessy and Kortbi, 2016) . The first is connected with products of copulas while the second one is a generalization of the Archimedean copulas family (Di Bernardino and Rullière, 2015) . Durante (2009) suggested a method to construct asymmetric copulas based on products of copulas with powered arguments. Wu (2014) proposed a new method of constructing asymmetric copulas using a mixture of basic copulas and a convex combination of asymmetric copulas that can exhibit different tail dependence along different directions. Di Bernardino and Rullière (2015) constructed multivariate family of copulas by generalizing some known families by using a distortion matrix Σ.
In this study, we discuss a method to construct a new class of bivariate asymmetric copulas based on products of symmetric (sometimes asymmetric) copulas with powered arguments. Then we would like to determine if the proposed construction can offer an added value for modeling asymmetric data. This construction is based on the result of Durante (2009) . Our proposal is actually an extension of Durante (2009) for a wide range of copulas which includes some newly constructed copulas in addition to all copula families available in the current literature. With these newly constructed copulas, we investigate dependence properties and measure of association between random variables. We consider the result of Mukherjee et al. (2015) in which they obtained meaningful results of the two non-parametric measures of association between two random variables, Spearman's rho (ρ) and Kendall's tau (τ), with the asymmetric copula family. In addition, to test the symmetry of data for using bivariate copulas, we use Cramér-von Mises criterion suggested by Genest et al. (2012) . Moreover, the estimation of hyper-parameters by the maximum likelihood method are discussed.
This paper is organized as follows. Section 2 contains some basic concepts of copulas and the dependence structure by calculating Spearman's rho and Kendall's tau using asymmetric copulas. In Section 3, we introduce Fourier copula and new class of bivariate asymmetric copulas. Goodnessof-fit of the proposed asymmetric copulas is introduced in Section 4. Test of symmetry for bivariate case and the maximum likelihood estimation of hyper-parameters for the constructed copulas are discussed in Sections 5 and 6, respectively. Section 7 shows the illustrative data analysis for the proposed asymmetric copula models with two real data. Finally, the discussion and conclusion are presented in Section 8.
Definition and preliminary
In this section we recall some definitions and results that are necessary to understand a (bivariate) copula. A copula is a multivariate distribution function defined on I n , where I := [0, 1], with uniformly distributed marginals. In this paper, we focus on bivariate copulas. Definition 1. A bivariate copula is a function C : I 2 → I, which satisfies the following properties:
The importance of copulas has been growing because of their applications in several fields of research. Their relevance primarily comes from Sklar's Theorem (Sklar, 1959) 
for two independent pairs (X 1 , Y 1 ) and (X 2 , Y 2 ) of observations drawn from the distribution.
In terms of dependence properties, Spearman's rho is a measure of average quadrant dependence, while Kendall's tau is a measure of average likelihood ratio dependence (see Nelsen (2006) for details). If X and Y are two continuous random variables with copula C, then Spearman's rho and Kendall's tau of X and Y are given by,
Definition 3. A copula C is called absolutely continuous if, when considered as a joint distribution function, C(u, v) has a joint density function given by c(u, v)
Denoting c(u, v) − 1 as h (u, v) , the following theorem gives a characterization of absolutely continuous copulas (De la Peña et al., 2006 
and such that C (u, v (v, u) for all u, v ∈ I, otherwise asymmetric. Let us denote the independent copula as Π(u, v) := uv. In addition, the new asymmetric copulas satisfying all the hypothesis of Theorem 1 were proposed in Mukherjee et al. (2015) :
Then corresponding Spearman's rho and Kendall's tau are given by, respectively,
The optimal values of ρ and corresponding τ are obtained by letting ε → 0. Mukherjee et al. (2015) showed how the values of ρ approach the optimal values as ε → 0 and it is clear that −0.75 ≤ ρ ≤ 0.75 and −0.5 ≤ τ ≤ 0.5.
Construction of asymmetric copulas
In this section we will first define Fourier copulas (Lowin, 2010) and then construct asymmetric (in general) copulas using the following theorem (see Durante (2009) 
for details).
Theorem 2. For all α, β ∈ (0, 1), and for all copulas A and B, the function C α,β :
is a copula, whereᾱ = 1 − α andβ = 1 − β.
Fourier copula
It is natural to write the function h in Theorem 1 as a Fourier series as follows
The latter condition guarantees that h is real valued. Then the integrability and degeneracy of h are clear. For positive definiteness, suppose γ n m are chosen so that h(u, v) ≥ −1 for all u, v ∈ I, then the copula generated by h, defined by
is called a Fourier copula, which was apparently introduced by Ibragimov (2009) 
then h is positive definite and will generate a Fourier copula C F as mentioned above. Using (2.1) and (2.2), Spearman's rho and Kendall's tau of a Fourier copula C F are given by
The last equality follows from the assumption that γ
and hence using (3.1) we have, |ρ| ≤ 3/π 2 ≈ 0.304 and |τ| < 3/π 2 ≈ 0.304. Even though Fourier copulas are in general asymmetric in nature, the above results show its applications are quite limited. In the following subsection we will construct asymmetric copulas by utilizing the existing copulas including Fourier with mind of convenient application.
New class of bivariate asymmetric copulas
In this subsection we use Theorem 2 to construct a class of asymmetric copulas and will find corresponding Spearman's rho and Kendall's tau for these new copulas to have a qualitative idea of which asymmetric copula has a better range of ρ and τ values. In Durante (2009) , the author mentions that Theorem 2 will generate an asymmetric copula for all α, β ∈ (0, 1) with α 1/2 or β 1/2. But if the copulas A and B in Theorem 2 are symmetric then we have,
Therefore we would like to mention here that C α,β in Theorem 2 can be symmetric if α = β and hence in our case we will choose α β. The following lemma will give an interesting symmetric behavior of ρ and τ.
Lemma 1. If A and B are two symmetric copulas and α, β ∈ (0, 1), then
where ρ(C α,β ), τ(C α,β ) are Spearman's rho, Kendall's tau of C α,β , respectively, and
Proof: The symmetry of ρ follows from the fact that
is equivalent to (2.2). Secondly notice that 
Hence we have
For convenience we adopt the following notations, for j = 1, 2, . . . , copulas C j are defined in Table  1 . The list of copulas in Table 1 is considered in this study. We define the set of parameters ψ and the copulas that arise from Theorem 2 as, , 20, 30, 20, 1} , where δ n m is the Kronecker delta, we have calculated (Mathematica code and the results of many other different cases can be found at http://goo.gl/ plkJ7). Spearman's rho and Kendall's tau of the copulas C jk α,β , for j, k = 1, 2, . . . , 9; j < k with different α, β values. In general, our results show that ρ, τ values stay away from zero if (α, β) ≈ (0, 0) or/and (1, 1). For instance, we would like to mention ρ, τ values for two copulas C12 α,β and C17 α,β (Table 2 and Table 3) .
Figures 1 and 2 clearly show that the contour plots of C12 α,β and C17 α,β are asymmetric. In this article, the authors just showed the contour plots of two asymmetric copulas, but readers can download the Mathematica code from the linked website and reproduce the contour plots of the other remaining asymmetric copulas. So depending on the readers' provided data, readers can choose one of the proposed asymmetric copula by looking at the contour plots of all proposed asymmetric copulas. Figure 3 is scatter plots of random numbers generated from the nine basic copulas. Figure 4 is scatter plots of random numbers generated from some of the constructed asymmetric copulas. These figures may be helpful to choose which copula will be appropriate to fit the given data well.
Estimation and goodness-of-fit

Fitting copulas to data
We assume that we have a random sample X 1 , . . . , X n from a d-dimensional cumulative distribution function (CDF) F with continuous marginal CDFs F 1 , . . . , F d . Hence, F has the unique representation, F(x 1 , . . . , 
where c θ denotes the copula density (Kojadinovic, 2013) , and are the pseudo-observations. The estimate is generally found by numerical maximization of (4.1). For the computation in this paper, we used a R package 'copula' developed by Kojadinovic and Yan (2010) for basic symmetric copulas and our own R program for constructed asymmetry copulas.
Goodness-of-fit test
A rigorous approach to compare the fit of different copulas to the same data consists of using goodnessof-fit tests. The issue is whether the unknown copula C actually belongs to the chosen parametric copula family C 0 = {C θ } or not. Formally, one wants to test H 0 : C ∈ C 0 vs. H 1 : C C 0 . A relatively large number of testing procedures have been proposed in the literature as can be concluded from the review of Genest et al. (2009) . One approach that appears to perform particularly well according to recent large scale simulations is based on the empirical copula of the data X 1 , . . . , X n , which is defined by
where the random vectorsÛ i are the pseudo-observations as in (4.2). The empirical copula C n is a consistent estimator of the unknown copula C whether H 0 is true or not. Hence, as suggested by several authors, a natural goodness-of-fit test consists of comparing C n with an estimation C θ n of C obtained assuming that C ∈ C 0 holds Kojadinovic (2013) , where θ n is an estimator of θ computed from the pseudo-observationsÛ 1 , . . . ,Û n . Precisely, it was proposed to base a test of goodness-of-fit on the empirical process
According to the large scale simulations carried out in Genest et al. (2009) , the most powerful version of this procedure is based on the following Cramér-von Mises statistic:
An approximate p-value for S n can be obtained by means of the parametric bootstrap-based procedure (see Genest et al. (2009) for the details omitted here). This procedure is computationally very intensive. Thus, as n reaches 300, the extensive Monte Carlo experiments carried for d = 2, 3, 4 in Kojadinovic et al. (2011) indicate that one can safely use the fast multiplier approach as an alternative.
Test of symmetry for bivariate data
This section briefly deals with methods to test the symmetry of bivariate data. For that, it is reasonable to compare values ofĈ n (u, v) andĈ n (v, u) . Base on this idea, for the test the hypothesis of exchangeability data, Genest et al. (2012) suggested three measures as: See also Bouzebda and Cherfi (2012) and Quessy and Bahraoui (2013) for other test procedures for the symmetry of copulas. Nelsen (2007) considered another measure of asymmetry. In this study, we use a Cramér-von Mises statistic S * n as a measure to check asymmetry of bivariate data for the computational convenience. The 'exchTest' function of the 'copula' package in R program was used for the calculation of the S * n .
Estimation of hyper-parameters in constructed asymmetric copula
In the previous section, we estimated the parameters of copulas with the powered hyper-parameters α and β. In this section, we explain how to estimate simultaneously the parameter in copulas as well as the hyper-parameters of constructed asymmetric copula.
By the equation (4.1), the log pseudo-likelihood of the constructed copula by copulas C 1 and C 2 is as:
where (û i ,v i ) is i th pseudo-observation and θ 1 and θ 2 are the parameters of copulas C 1 and C 2 , respectively. We estimated the parameters θ 1 , θ 2 , α, β by maximizing (6.1), simultaneously. For this optimization computation, we used a quasi-Newton algorithm with numerical differentiation in a 'L-BFGS-B' method in R function 'optim'.
Real data example
Car rental data
We consider two datasets to illustrate the usefulness of our proposed asymmetric copulas. The first dataset is car rental data of American new cars and trucks data for sport utility vehicle (SUV) with four wheel drive which is available at Nayland College. Engine size and retail price variables with sample size n = 38 are considered for this study. Figure 5 is a scatter plot of two variables, engine size and retail price. For the symmetry test on this data, we have S * n = 0.056 with p-value = 0.004 as described in Section 5, which means the data is not symmetric. Figure 6: Contour plots of fitted copulas C θn (solid line) and empirical copulas C n (dotted line) for the four constructed asymmetric copulas on the car rental data. Table 4 shows the result of parameter estimates, values of Bayesian information criterion (BIC), values of Akaike information criterion (AIC), and Cramér-von Mises goodness-of-fit statistics (S n ) with approximated p-values for nine basic copulas on the car rental data. Only one basic copula fits well in the sense of 5% level of Cramér-von Mises test: Frank copula. Table 5 shows the result of analysis for the constructed asymmetric copulas. Here par1(θ 1 ), par2(θ 2 ), α and β are estimated simultaneously by the MPLE as presented in Subsection 4.1 and Section 6. Fifteen combinations show p-values greater than 0.05 in Table 5 , which means that asymmetric copulas are appropriate model. Figure 6 is the contour plots of empirical copulas (C n ) and fitted copulas (C θ n ) for four asymmetric copulas: Clayton × Frank, Fourier × Frank, Fourier × Gumbel, and Fourier × AMH copula.
Economic indicators data
The second datasets is monthly economic indicators of Korea from Jan. 2011 to Aug. 2013, available at (Statistics Korea). Certificate of deposit (CD) rate and interest rate variables with sample size n = 44 are considered for this study. Figure 7 is a scatter plot of two variables, CD rate and interest rate. For the symmetry test on this data, we have S * n = 0.102 with p-value = 0.008 as mentioned in Section 5, which means the data is not symmetric. Table 6 shows the result of parameter estimates, values of BIC, AIC, and S n with approximated p-values for nine basic copulas on the car rental data. Only one basic copula fits well in the sense of 5% level of Cramér-von Mises test: Gumbel copula. Table 7 shows the result of analysis for the constructed asymmetric copulas. Fifteen combinations show p-values greater than 0.05 in Table 7 , which means that asymmetric copulas are appropriate model. Figure 8 is the contour plots of empirical copulas (C n ) and fitted copulas (C θ n ) for four asymmetric copulas: Clayton × Frank, Fourier × Frank, Fourier × Gumbel, and Fourier × AMH copula.
Conclusion and discussion
We discussed a new generalized copula family which includes a class of asymmetric copulas as well as all copula families available in the current literature, including Fourier copula. The construction of new asymmetric family is based on and an extension of the result by Durante (2009) . With diverse data such as simulated data, car rental data, and economic indicators, we performed parameter estimation by using the maximum pseudo-likelihood estimation method and Cramér-von Mises type of goodness-of-fit tests for the newly constructed asymmetric copula family. For these data, some of the proposed models turned out to be successful whereas the existing copulas were mostly unsuccessful. We thus argue that the proposed construction can offer an added value to model asymmetric bivariate data. For the estimation of the hyper-parameters (α and β), one can consider the cross-validation approach instead of the maximum likelihood estimation (MLE) as we did in section 6. After getting the MLE of copula parameters for fixed value of α and β, one can compare the cross validation copula information criterion (CIC) presented by Jordanger and Tjøstheim (2014) . Then choose the parameter estimates that have the minimum of CIC. One may consider a Bayesian approach or expectationmaximization algorithm to estimate the hyper-parameters efficiently.
In our future study, we would extend our copula method to a multivariate case, to develop a generalized composite operator of asymmetric copula family as in Louzada and Ferreira (2016) , to apply to the direction data from Kim and Kim (2014) , and to incorporate time varying component as in Ara et al. (2017) to our proposed method. R program and datasets are available upon request from the corresponding author. Figure 8: Contour plots of fitted copulas C θn (solid line) and empirical copulas C n (dotted line) for the four constructed asymmetric copulas on the economic indicators data.
